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The William-Pieranski-Cladis experiment’ is reviewed in the context of the equilibrium 
theory of liquid crystals. Static theory does not suffice to explain the apparent can- 
cellation of singularities. 

Keywords: nematic, point defect, Ericksen-Leslie theory 

One observation in the William-Pieranski-Cladis experiment ,’ dis- 
cussed in Ref. 1, involves singularities of a nematic liquid crystal in 
a capillary tube where two point defects of opposite sign tend to 
persist along the axis of the tube. They observe that the singularities 
may gradually come together, apparently cancelling, rendering the 
configuration free of defects. Throughout, the director n is radially 
oriented at the surface of the tube. 

Were one to view this from the context of the Ericksen-Leslie static 
theory,2 based on the Oseen-Frank bulk energy, one would be pre- 
sented with a family of equilibrium configurations each of which 
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exhibits defects subject to a boundary orientation that approach a 
defect free configuration. In these remarks, we note a stability prop- 
erty of minimizers of the static bulk energy which would contradict 
such cancellation of defects, as observed in the William-Pieranski- 
Cladis experiment. Thus the explanation of this experimental phe- 
nomenon cannot rest on static theory alone. Our work does not 
preclude the possibility of cancellation of point defects in stationary 
configurations which are in local energy wells. However, our expe- 
rience with variational problems of this nature leads us to believe 
that this is unlikely. 

To further clarify the issues here, note that the existence of one 
static configuration without defects does not necessarily imply that 
all static configurations with the same boundary orientation are free 
of defects. This implication is unknown. On the other hand, Hardt 
and Lin have given in Ref. 3 examples of boundary orientations of 
degree zero? any of whose minimum energy configurations neces- 
sarily have defects. 

Our study here also has some positive conclusions. For example, 
it may be used to show that some numerical schemes will exhibit 
relatively large energy growth near singular points of a minimizing 
solution. We do not give details of this here since they are somewhat 
technical. There is some discussion in Ref. 3, 06. Numerical research 
on these problems has been undertaken by Mitchell Luskin and his 
students at the University of Minnesota. We appreciate the remarks 
and encouragement of J. L. Ericksen, who introduced us to these 
problems. We also benefitted from discussions with participants of 
the 1985 I.M.A. workshop on Liquid Crystals. 

Proceeding now with our argument, we recall that the Oseen-Frank 
free energy density is defined, for a unit vectorfield n, by 

W(Vn, n) = Kl(div n)’ + K2(n ’ Curl n)’ + Kjln x Curl . I 2  
+ ( K ~  + K,)[tr(Vn)’ - (div n)*].  

On a region a,  we will consider liquid crystal configurations n that 
are local minima of the energy, namely, 

?By degree zero, we mean topologically trivial, namely, there is some extension of 
the boundary orientation to a virtual director configuration in the domain, not nec- 
essarily a minimizer, which is free of defects. 
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EQUILIBRIUM CONFIGURATIONS 191 

whenever B,(a) C R and u is a unit vectorfield that coincides with n 
on dB,(a). Our result is the following: 

Let R be a region containing a ball B,, = B,,(O). Suppose that we are 
given a sequence ni, i = 0, 1, 2, - -, of liquid crystal configurations 
on Cl in static equilibrium with the following properties: 

(a) Each ni in a local minimum of energy. 
(b) n, + no in L2(R) as i 
(c) no is free of singularities in R. 
(d) n, may admit singularities in the ball B,, but is free of singularities 

03. 

in C! - B,, for i > 0. 

Then n, does not have any singularities when i is sufficiently large. 

Remarks. Convergence in the L2 norm is frequently encountered 
in these problems. For example, a sequence of unit vectorfields having 
uniformly bounded energies contains a subsequence that converges 
in L2. 

The demonstration of the theorem is based on the following 
property4: 2.5-2.6 of the normalized energy density for liquid crystals. 

There exist positive numbers (T, C ,  and so that ifn is a local minimum 
of energy and if 

then n must be smooth on B,,2r(a) and 

P-' W(Vn, n)dx 5 Cp+ for p 5 r .  
Bda)  

Using this, one may actually deduce the smoothness of n, on BE, 
for i large, without assumption (d).? Here to simplify the exposition 
we retain assumption (d) and, moreover, treat only the equal constant 
case K = K~ = K~ = K ~ ,  K~ = 0, so that 

TThis involves showing that the singularities of the n,, which have one dimensional 
measure zero Ref. 4, 52.6, may be controlled, as in Ref. 6 ,  P4.6, in establishing the 
Lz convergence of the gradients of the n,. 
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LEMMA. As i + =, 

Proof. The lower semi-continuity of the energy functional means 
that 

To show that 

we may, if necessary, pass to a subsequence. In particular, since all 
of the functions n, are, by Ref. 4, 42.6, analytic on - S,, there is, 
by Ascoli's theorem, a subsequence, still denoted n,, such that 

n, + no and Vn, + Vn, uniformly on B,, - S2E. (4) 

In particular, for all i sufficiently large and some K > 0, 

In, - no/ I 1/2 and IVn,I 5 K on B,, - B2,. 

Now for any number t with 2~ < t < 3 ~ ,  we choose a function 
q: B, - [O, 11 with bounded derivative so that 

and set 

u, = v,/Iv,I where v, = qn, + (1 - q ) n 1 ,  

so that u, is a unit vectorfield that coincides with n, on dB,. Applying 
the chain rule, we find that 
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EQUILIBRIUM CONFIGURATIONS 

because 1/2 I (vi( 5 1. Using the equation 

193 

vv ,  = qvn, + (1 - q)Vn, + vq @ (no - n,),  

where A is the characteristic function of B2. and p is the characteristic 
function of B, - B2€. For the second term, we note that the constraint 
[nil = 1 implies ni - Vn; = 0 and estimate 

where we have made the substitutions v i  = ni + (v; - n J ,  
vi = no + (v; - no) and noted that ( v ,  - nil 5 In; - no[ and 
( v i  - no( I In, - n,l. Combining (6) and (7) with ( 5 )  gives 

From the minimality of ni we now deduce that 

Letting i + w, we infer from (4) that 

for any t with 2~ < t < 3 ~ .  Then letting t +. 2~ gives (3), which 
combined with ( 2 ) ,  proves the first conclusion of the lemma. 

To obtain the second, we observe that, on BZE, the sequence of 
functions Vni, being norm-bounded in the Hilbert space L2(B2,), has 
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194 R. HARDT, D. KINDERLEHRER AND F.-H. LIN 

a weakly convergent subsequence whose limit must be Vn,. Thus, as 
i-+ x .  

Vn,. (Vn; - Vn,)dx-+ 0 - 0 
- 21Bi. 

by the first conclusion and this weak convergence. 

a fixed positive number r < E so that 

QED 

Since Vn, is bounded on BZc, we may choose Proof of main result. 

Moreover, the Lemma implies that, for i sufficiently large, inde- 
pendent of a ,  

hence, (1) is applicable, and n, is smooth at a .  QED 
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